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\BSTRACT

For parabolic equations in one space variable with a strongly
roercive self-adjoint 2m-th order spatial operator, a k-th degree
'‘aedo-Galerkin method is developed which has local convergence of ¢
'(k+1-m) at the knots for the first m-1 spatial derivatives and, i
. 2 2m, convergence of order k+2 at specific interior nodal points.
iodal points are the zeros of the Jacobi polynomial Pi'm(o) (n=k+1-
shifted to the segments of the partition. All these convergence

)roperties are preserved if suitable quadrature rules are used.
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. INTRODUCTION

We consider the 2m-th order initial boundary probl

%%(t,x) + Lu(t,x) = 0; x e [-1,+1] =
t e [0, @) =
m 9 d u
mo= § 0t TR L
£=O X X
1.1)
a[

1+

'—%= 0, x=+1,£=0,...,m=1; t € J;
X

9

u(0,x) = uo(x).

e suppose that po,...,pm and u, are such that u(t) is

0
or every t € J.

.1l Notations.

For any interval E ¢ I we define the Sobolev space

e(E), £ > 0, and their norms by
WK(E) = (viplv € L7(E), §=0,...,&};
L j v
H (E) = {leJv € L2(E), j=0,...,4};
1.2)
Iyl - 109wl o
V'l (&) s PR AN
i=0,...,
_ i i A3 e
“V"HE(E) = [' (D°v,D V)E] ’
j=0
here DJ denotes o'l:'/dx:J or GJ/axJ and the complexvalued

,)E is defined by

1.3) (0,8) = fa(x) EX dx; 0,8 € L2(E).
E

smoot

ct




convenience, since we use them frequently, we m

lacements
1) Ha"z = "a“Hﬂ(I); (a,8) = (a,B) .

thermore, we define Hg(l) and the bilinear funct

I) > C by
m m £
H)(T) = {vlv e W (I); Dv(¢1) =0, £ =0
5)
& £
B(u,v) = (Lu,v) = (u,Lv) = z (pzD u,D v

£=0

assume that pO,...,pm are such that B is strongl

re exist positive constants C, and C, depending

1 2
t

A

v m
|B(u,v)| <c, “u"m “V“m; u,v € HO(I

\

2 m
. > 1<, .
B(wv,v) C2 v m VvV € HO(I)
2 that this implies that pm(x) >0, x e I.

In the sequel, C,C

1
necessarily the same.

The Faedo-Galerkin method.

Let N 2 2 be a constant integer and define the

N
{x.}. of I b
j 3=0 Y

h = 2/N;

-1 + hj, j = 0,...,N;

7) X,
_ J

I

[X. Ixj]l J

5 4-1 1,...,N.

,C2, etc. will be positive

e foll

m
B.HO(I

-1};

cive,

,.},pm

C cons

tion




Let k > 2m-1 be a constant integer . Then we define the finite

lement space S(A) < H?(I) by
m s
1.8) s(a) = {v|v e Hy (D) ; Ve Pk(Ij), j=1,...,N},

here for any £ > 0 PZ(E) denotes the class of polynomials of degree at
ost £ defined on the interval E.
In the sequel, we will use the following constant integers

ssociated to k,m and N

r = k+l-m;
1.9) = k+1-2m;
M = rN-m.

n (1.9) n is the number of interior nodal points of S(A) on Ij and M is
he dimension of S(A).

e
In connection with A, we define the partition spaces W (A) and

z(A)vtogether with their norms by
£
W (A) = {v|v e Wz(Ij); j=1,...,N};
1l 2 = max Il ;
whey = 52 ety
1.10)
HK(A) = {v]v e HK(Ij); j=1,...,N};
N
- 1of 2 E
"VHZ,A = ['Z LV“HZ(I.) 1°.
j=1 3

After these preliminary definitions, we can define a finite element
olution of (1.1). Let U: J + S(A) be the solution of the initial boundary

roblem




19U
('5‘1:_ ’ V) + B(U,V)

11)
Uu(0,x) = Uo(x),
re UO € S(A) is an approximation of uo satisfying
k+1-2,
lu -u I, < : =0,...,m.
12) u,-Uol, < ch "uo“k+1' £ =0, ,m

' m k+1 )
MA 1. Let u: J -~ HO(I) nH (I) be the solution of (1.1) .and let
-+ S(A) be the solution of (1.11) with condition (1.12). Then
) = u(t)-U(t), has the L2 error bound

k+1
"e(t)"o < Ch *[ "u(t)"k+1 +

13) £

-\t AT
+e 1 {"uO“k+1 + [ e™1 “Lu(T)“k+1dT}]r
0

re Al is the smallest eigenvalue of L.

OF. See [11]. g

Summary of results in this paper.

In §2 the occurrence of superconvergence at the knots is investigated.

appears that this depends crucially on a proper choice of U.. A surpris-

0

ly simple choice of U, is made with the only additional requirement

0
t u(t) € Hg(I) n Hk+1(I) n Wzr(A), t € J. In that case Dﬂe(t,xj)

=0,...,m1; 3 =1,...,8-1) is of 0(h°F) on J. Furthermore, if
1, there are on each I. n specific interior points, where e(t) is
O(Hk+2), one order bettir than the optimal order of convergence.
In §3, it is shown that all the results from §2 remain valid if

) is approximated by a proper quadrature rule.




. SUPERCONVERGENCE PHENOMENA

For m=1 and k 2 2, J. Douglas, jr. et alii [7,8,9,10] have proved
rat the order of convergence at the knots is 2k, while the optimal order
s k+1. We generalize their results for m > 1. Also, we establish a
inor superconvergence at interior points. For these purposes, the
aplace transforms of u(t) and U(t) are used, because they transform
1itial boundary problemé into boundary problems which are simpler to

andle.

.1. The Laplace transform.

Let V be a class of functions defined on I. Then for any continuous

apping v: J - V, we define the Laplace transform L: CO(J) X V > V by
A -
2.1) Lv(s,x) = ¥(s,x) = Ie St (¢, %) at,
0

1ere s lies in the convergence half-plane of v(t).

For the general properties of L and for the convergence criteria
> (2.1), we refer to [6]. If we apply L to the problems (1.1) and
l.11), we get for G the two-point boundary problem (in classical and

2ak Galerkin form)

A A
2.2a) Lu + su = uo, X € I;

A A

2.2b) B(U,v) + s(u,v) = (uy,v), Ve HE(I)
A

1d for U the weak Galerkin form

A A
2.3) B(U,V) + s(U,v) = (UO,V), V e S(A).
>te that (2.3) is not the standard finite element solution of (2.2).
ince the dependence on s appears from the roof-sign, we will usually

nit the argument s.

We first formulate a technical lemma which we will use a couple of




es.

MA 2. Let x, and x, be nonnegative numbers; let W,Y and D be

1 2
ameters ; let s be a complex number and let the following ine
d
< .
Xy + s x2| < D/zé i
> .
X, ZY Xy
4) s = -a + iB; -

=
IA
[}
A

|8 + u;

0 < u<y.

n x, and x,. have the bounds

1 2
( 2
YD2 5 , if o + B2 < %,
(y-a) +B
J
< 9
%
D2 2 2 2 2 2
——i-fa + Yo +8° 1, if o + BS 2 v,
| 28
5)
[ D2
55 if o < v;
(y-a) +B
XZSJ
D2
- if o < v.
L B
OF. We substitute
6) X =S¥ Py, Xy =y,

n, for y1 and Y,r we have the inequalities




2 22 2
< -
Y+ By, sD v, i

2.7) ¥y 2 (Y'G)Yzi v, 20 ;

p<a< [Bl +u ow<y,

> x1 and x2 are linear functions of y1 and y2 with constrain

laboration for all possible values of B delivers (2.5). [

We turn to the problems (2.2) and (2.3). Let u be a posi

ith u < Ai and define P1’P2""’P5 in the complex plane (see
4
P, =-U i
.8 = - * iR;
) 92,5 u * iR
= - + 4 > .
P3’4 (p+R) = iR, R 0
4 Pl...Pn, we denote the broken straight line starting in P1
o) P2 etc. and ending in Pn.

A A
EMMA 3. Let e(t) = u(t)-U(t) and & = u-U, where u(t), U(t),
he solutions of (1.1), (1.11), (2.2) and (2.3), respectively

> 0 and h sufficiently small, we have

P3=—u—R+1R P2=—u+iR
A A 4 e
-A, 712 -Ay-A P =-u 0
4=-u—R—1R P5=—u—1R

Figure 1




L 1 . A
D e(t,x) = i lim e(s,x) exp(st)ds =
mi Rovoo

9)

o]

-ut .
- - A
= f & atIm[(l—i)e 1utDK e (-o-u-ia,x) Jda, £=0,...,m-1.
0
OF. It is known [11] that

A [¢+]
u(s,x) = .Z (g r9,) 0, (x)/(sHX,) 5
i=1
10)
A M
U(s,x) = 121 (Uyr,) (U,2.)8, (x) ,

re Al,A2,..., are the positive eigenvalues of L in nondecreasing
er, with orthonormal eigenfunctions ¢1,¢2,..., and where Al'AZ""'AM

nondecreasing order) and ¢ ,@2,...,®M are the positive eigenvalues

1
eigenfunctions of the problem

B(®,,V) = A, (9,,V), V € S(4), i=1,...,M.
i iti

e that
11) A, = inf -—————BEV'V; inf ——BEZX; =,

ves(pn) V'V veRB (I) '

A

m (2.10), we see that Dze is meromorphic in s with the set
i}:=1 U{_Ai}?—l as only possible poles. Since these singularities lie
side the contours P1P2P3 and P1P4P5 we have by Cauchy's theorem

A
12) J 0% (s,%) exp(st)ds = [ 0% (s,x) exp(st)ds = 0.

P,P_P P, PP

17273 145




. . . A
urthermore, since P lies in the convergence half-plane of €, we

. 5P1P2
an apply the complex inversion formula [6] to obtain

2.13) Dﬂe(t,x) - lim —— f Dﬂé(s,x) exp (st)ds,

2mi
R0

PPy Py

ence we see immediately from (2.12) and (2.13) that we only have to prove

hat

A
2.14) “1lim I Dzé(s,x) exp(st)ds = lim J Dze(s,x) exp(st)ds = 0,
R R0

PPy PaPs

rom (2.2), we can derive that

2.15) B, + s@M| = |y, < ul 130

pplication of lemma 2 for s -y-a * iR yields

|B(1,0) |

IA

2 2 2 2
5Hu0"0 La+/a"+R” 1/R";
2.16a)

[Dza(x)l

IA

-5
< |
C“u“m CR luo"o'

f R > », The last inequality was proved by Sobolev's embedding theorems
11] and by the strong coercivity of B. In a similar way, we can prove

rom (2.3) that

A -
2.16b) IDKU(s,x)l < CR %"UOHO, 2=0,...,m~1,
E R>®and s = * iR-a-u. From (2.16) one easily proves (2.14) and

herewith the lemma. [J

As in [2], we can exploit (2.9) to transfer local convergence
A
roperties of e immediately to e(t). Since these properties are not

tandard if [s! -+ ©, we have to prove them here explicitly, of course only




s = -0~y * io. In the sequel C(a),cl(a), etc. are positive functions
o which are polynomially bounded on [0,®), not necessarily the same

'S.

IMA 4. Let U, € S(A) be any approximation of u_ satisfying (1.12). Then

0

- 0
: G—G has the bound

1-£

A k+ :
17) llellK < C(a)h "“o"k+1’ £=0,...,m.

YOF. From (2.2b) and (2.3), we find that

18) B(0-0,v) + s-0,v) = (uy-Ugy V), V € S(8).

0

A A
tt, we introduce the elliptic projection U, € S(A) of u by

2
19) B(G—Gz,V) =0, V e S(A).

A A -2, A
is standard [11] that lu-U_ll S'Chk+1 K"u“ ,
A 2 L k+1

A A
g = U2—U and subtract (2.19) from (2.18), we find

£=0,...,m. If we put

A A A A A A A
|B(g,€) + s(g,e)]| = |(uO—UO—s(u—02),e)| <

.20)

k+1

A A
< clel 05 gl o+ [s1G ).

>lication of lemma 2 to (2.20) yields

A A 2 (k+1) AL 42
B(e,e) < C(a)h (“uo"k+1 + |s|lu k1)
21)
k+1 A
1en, < 181 < I ngl .
2 elp = Gl ughy g ¥ |s[va k+1)
now have
A A A A
. lell , < lu-u I + lell <
22) e 2 u U2 2 € 2

k+1-£ £ A
< Ch Clul + clayn (lugl |, + |s|hal, , ), £=0,...,m.

k+1




11

A
We need an estimation of ﬂu"k+1 yet. From (2.2), we can derive that,

ince Lﬁ € Hg(l)
A A A _A A A
|B(Lu,Lu) + s(tu,Lu)| = | (Tug,za) | < Izl Wzl .

oplication of lemma 2 yields

A
A
A

A A
I < cllrul < I I < | :
"u|3m c Lu|m Cl(a) LuO 0 Cl(a)luoﬂzm,

2.23)

A
A
A

T A A
< cllrul | < | < I .
“u"2m C Lul0 Cz(a)lLuOHO cz(a)luoll2m

ince

£_A

ot < [s[1o% + 1ot

uO", £=0,...,n,

3> can prove by induction that

2.24 1ol < c(a)llul
-24) ulypq < Claylugly |

1"
rom (2.22) and (2.24), we get (2.17), which proves the lemma. []

EMARK. Although C(0) in (2.17) is polynomially bounded, it tends to be of
((Al-u)—l) near a=0, as qul.

Now that we have established convergence of é on the contour

4P1P3', we can investigate the superconvergence at the knots.

For any x € (-1,+1) and £ ¢ {0,1,...,m-1}, we define the generalized

reen's function éz(x,g) € Hg(I) n Hk+1(0,x) n Hk+1(x,1) associated to
by
LG + 56, ( =0 \{x};
£ K(XIE) S K xX,8) = ’ £ € I\{x};
2.25)

B(v,ez(X)) + S(v,éz(x)) = Dﬂv(x), vV € HE(I),




re the subscript & of Lg denotes partial differentiation wit

E. If we denote
A A .
26) sz(g) = Gz(xj,aﬁ, j=17+..,N-1; £=0,...,m-1,
. LA
find for D e(xj) the bound

|D£é(xj)| - [B(é,ézj) v s(é,ézj)|' <

IA

A A A A A A
|B(e,G,.-V) + S(e,Gp -V | + |B(e, V) + s(e, W) ]| <
£3 j

27)

IA

A A
el 10 -vl -
clalel 16, -vl + |(uO UV, Ve s,
j=1,...,N-1; £=0,...,

A
ce Gﬂj € HE(I) n Hk+1(A), we can take V such that

A ra A .
vl < f .
“sz % o Ch sznk+1’A ;
28)
vl < clg, I
Wk (A) L3 wk+1 (p)

n it is easily proved from (2.17) and (2.27) that

LA 2r A
< f I
|D e(xj)] C(a)h “u0"k+1 sz k+1,8 "
29)
+ |(u0—UO,V)|, £=0,...,m-1; j=1,...,N-1.

i - Il f .
We have yet to estimate I(uO UO,V)l and sz k+1, A

cerning the first quantity, a seductive choice of U0 would L

projection of u, which would annihilate |(u0-U0,V)|. A drawk

0
s choice, however, is that the superconvergence of D e(t,xj)

. be uniform in time: (2.9) is not valid for t=0 and D e(O,xj

o(hk+1_£), £=0,...,m-1, in stead of O(h2r).

ect




In the next sections, we will construct a U. which guarantees

uperconvergence of Dze(t,xj) uniform in time ang which imposes rather
ild extra conditions to U and u(t): they also have to be in W2r(A).
lthough we chose A uniform, for reasons of convenience, it can, of
ourse, also be chosen quasiuniform, if this helps to meet the extra

onditions.

.2 Choice of nodal points; Jacobi polynomials.

In order to construct a proper approximation U

a,B
AY]

0 of uo, we first

efine the v-th degree Jacobi polynomial P (x) by [1,13]

P%'B(x) = w1 L (1-x3)Y wx) 1 v > 05
2.30)

w(x) = (1—x)a(1+x)8} x e (-1,+1); o,B > -1.

hese polynomials have the properties [1,13]

a,B  _a,B, _ a,B _a,B, > 0.
(wP R Pv ) = 6uv(va 'Pv ) ;7 u,v = 0;
2.31)
Pa'B(x ) = 0i-1 <x, < x.  <...<x <1
v ny 1v 2v VAV

here 6uv is the Kronecker symbol.
Within the context of this paper, we are only interested in the

ase o = B = m.

We recall that r = k+1-m and n = k+1-2m. Let 01,...,cn be the zeros
£ ™0, i.e. '
n

2.32) P (02) 0, 4£=1,...,n.

f course, (2.32) only makes sense, if n 2 1. In the sequel, it is
acitly assumed that the formulae which make no sense if n=0 are to be

nitted.




Given a partition A of I, we define the points gﬂj by

h 1= - —
13) Epy = %y_y + 3140y J=1,...,N; £=1,...,n.

:y We introduce the linear interpolation II: H?(I) n W2m(A) =+ S(A) 1

DKHf(xj) = sz(xj)' £=0,...,m-1; j=1,...,N-1;

14)

.Hf(izj) = f(szj), £=1,...,n; j=1,...,N.
IA 5. For any V € S(A) and f € Hg(I) n W2r(A)

2r
i5) (£-I£,v)| < ch™ Il [Rv] .
| | w2r(a)  wk(a)

F. For n=0, (2.35) is trivial [11]. For n > 1, we consider an

trary segment Ij. If we substitute x = %(xj_ +xj+hc), e I, we fi

1

+1
(£-II£,V) = Lh f L(E-If)vI(%(x. ,+x.+ho))do =
Iy j=1 73
+1 -1
_ _ 2. m _m,m
= %h f (1-07) P (G)(gV)(%(xj_1+xj+ho))dc

-1

e g is bounded on I. From (2.31), we conclude that (f—IIf,V)Ij =0
V e Pn-l(Ij) or fV € P
a [3] yields

2r~1(Ij)' Application of Bramble and Hilbert

6) |(e-ne,v), | < en®

vﬂnzr(fV)" i j=1,...,N.
3 L

*(I5)

oration of (2.36) and summation over all Ij results in (2.35) and

es the lemma. [

Note that by (2.34) we have defined all the nodal points of S(A).




3 Order of convergence at the knots.

We return to (2.29) recalling that

LA 2r A
|p e(xj)[ < c@h™lugl "sz"k+1,A +

+ I(uO-UO,V)l, j=1,...,N-1; £=0,...,m-1,

R :
lere V is an approximation of sz satisfying (2.28). If we take U0 = Huo
defined by (2.34), then application of (2.28) and lemma 5 gives
0% 0] < cniad . 18, 1 £l vl 1<
j 0 k+1 Kj k+1,A 0] W2r(A) k,A
1.37)
2r A .
< c(a)h™ IGg, | la,l , j=1,...,N-1; £=0,...,m-1.
« L3 wk+1 (8) 0 527 () IR reeee®

\
: is easily proved that "GK-" is polynomially bounded, hence we can

k+1,A
rove by combination of (2.37) and lemma 3 that

(-]

).38) IDﬂe(t,xj)I < hzre_utﬂuoﬂ 22 4y I e e (o) do,
W

t > 0.

lere is one last problem: the superconvergence bound (2.38) does not
>1ld down to t=0. This obstacle is immediately removed because the
:finition of Uo implies that

DKe(O,xj) =0, £=0,...,m-1; j=1,...,N-1.

1at UO = Huo satisfies (1.12) is trivial since II leaves all members of

(A) invariant. This concludes the proof of

IEOREM 1. Let u: J ~ Hg(I) n 8% (1) n w?T(A) be the solution of (1.1)
0 defined by (2.34).
1en the error function e(t) = u(t)-U(t) has the global bound (1.13) and

id let U:J - S(A) be the solution of (1.11) with U

1@ local bound




£ -ut, 2r
) <
2.39) |D e(t,xj)l <F(t)e " h" lu W2
lere Y is a number between 0 and Al and where F(t) is bounded on J,

(0) = 0 and F(t) = O(t 1) as t » w. 0

4. Order of convergence at Jacobi points.

In this section, we will prove that the order of convergence at the

. . k+2 -ut
»ints Eﬂj defined by (2.33) is of O(h 2e ut)- Since these points only

tist if n 2 1, we confine our attention to the case k > 2m.

For any Ij € A, we define
). 40) S(Ij) = {V|V € s(A); supp(V) = Ij}.
. is evident that S(Ij) has dimension n and that

.41) Dﬂv(x) =0; X € BIj; V € S(Ij); -£=0,...,m-1.

. . n
We define a basis {¢i}i=1 of S(Ij) by
= < i < n.
1.42) ¢i(€£j) Giﬂ ’ 1<i, £<n

If we apply (2.18) for ¢1,...,¢n, we find after partial integration

1at
e + s¢.) = - U ,$,) +
(erL¢i s¢i = (uo 0’¢i
2.43) .
m -1 _ X5
) [(—l)va(p£D£¢i)D£ 1 Vé]lx , i=1,...,n.
£=1 v=0 j-1

In order to approximate the inner product (,) by a quadrature
1lle involving the function values at glj which is accurate enough, we
ifine for f € Wzr(I) the approximation

_ +1 +1
'.44) f f(o)do = f Nf(o)do ,

-1 -1
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here II: Wzr(I) +ka(I) is defined by (2.34) shifted fr Note

hat in the case m=1, we obtain Lobatto's quadrature ru

EMMA 7. Quadrature rule (2.44) is exact if f € P (I

2r-1

ROOF. Since

£(0) - Nf(0) = (1-02)mp:’m

(o)g(o)
here g(o) is bounded, it is evident that (2.44) is exa

fge Pn—l(I)' i.e. if £ e P (ry. 0O

2r-1

Elaboration of (2.44) yields

+1
m-1 K z
J Nf(o)do = ) [eﬂ D f(-1) + 6, D £(+1)]
1 L
£=0 2
-1
2.45)
)
+ wyf(o,),
251 L L
here 0,,...,0 are the zeros of Pm'm(o) and 6, , © a nstant
1 n n 2," &
eights. By applying (2.44) to f£,(0) = (1-02)™ pI,m(g)/ ...om,

ne can prove that [13, ch. xv]

-=m

) v
wp = uz(l—cz) , £=1,...,n,

here ul,...,un are the positive Gauss-Christoffel numb n-point
auss-Jacobi quadrature formula with weight function (1 proves
hat wp > o, 4£=1,...,n.

Next, we define for «,B € Wzr(Ij)

(a,)" = Erfw a(E, ) B(E, ) +
T A AR S
2.46)
-1
e NS ) )
+ 3 ZO )" [og D (aB) (xy_p) + ezzn (aB) (x4




This quadrature rule has the error bound [3]

‘ * . 2r+1, 2r
.47) [ @8 = (@) | <ch™ ™ (ap)l o

" we apply (2.46) to (2.43) and multiply by 2h2m_1, we obtair

n
2m - A
| zzlh wz[L¢i(££j) +5 6, ,] e(gzj)l <

m-1
h2m Z (h K

£
=" |6, D
t=0 2 4

< (2(56,+10,)) (x;_p)

+ 6, YEGs, + 1o (x| +
g D (elséy i j

2
2 -
+ c1h2k+2 ID r(é(s¢i + 1ol +

L®(I.)
3
1.48)

2k+2

2r
+ C2h Ip (¢i(uO—UO))H +

L°(1.)
om B £-1
)

£ 5‘1‘“61%3 | <
£=1 v=0 171

AYJ .
|p (ppD ¢,)D

k+2 A
el +

IA

k+2
Cl(a)h "uO" ) + C,(a)h

W2r

+ c.n¥2 g —u + ¢ (h 2 lu <
3 0 0 y2r 4
W (Ij)

k+2
(la I + hu_-u | + el
O'wx(ny 0 0 y2r(zy W2T (15)

IA

C(a)h

A
We have to estimate lu -U_l and lel .
0 0 W2r(1j) W2r(1j)

rom [4,11] we know that in virtue of the definition of UO, we

L
Ip (u,-U )" u © ’
OL (Ij)

<
0%t (ry * Ch

ance we easily get

) -yl < fu l
1.49) "uo Y, Wzr(Ij) o] uolwzr(Ij)




19

A
Let HG be the interpolation of u defined by (2.34). Then n
cove from [4,11] and [2] that

A A A A _A
el < lo-mul 4 +  Hu-mul <
“kyA _A A
< I g-1mul + c Il <
=K A A _A A
2.50 < C.h lel o + lu-mul 1+ c_lul <
-20) pothely (13) ey 2 Vy2r(1y)
A k+1A
< Il Iy I + Il I +
= cy(thaly o+ gl 1+ ¢ plo™ mal (1)
A
+ C "u“ <
< Ial la | Ial .
Cylartiuly g+ Hugly 1+ cylu W2E (1)
}"k+1 was already estimated (formula (2.24)), for the estima £
2l 2r 1.y we simply use the differential equation (2.2a) to n
w
2.51) I3 < c(a)lu
2. u < u .
2 . 0 _2
WeE(1y) W (1)

immarily, we have obtained from (2.48)-(2.51) that

n
2m - A
| ¥ n w£[L¢i(E£j) + séiﬂje(gzj)l <

£=1

2.52)
k+2 .

< =

< C(a)h uu0“W2r(A)' i=1,...,n.
> have to prove the solvability of the linear system (2.52). easily
croved that

2 2m 2

2 - = <
2.53) l(“zL¢i‘€zj) —B(4.,4,))h""| < cn”,
E h is small enough. Consequently, the matrix (hzmw£L¢i(££j) oximates
symmetric positive definite matrix whose eigenvalues are of . This
2ans that its eigenvalues are nearly positive, i.e. the real are
>sitive of O(ho) and the imaginary parts are of O(h2). Since P,.P

413"




: can show from (2.52) by elementary matrix calculus that

14
0 W2r(A)
£=1,...,n;j=1,...,N.

. 54) |é(szj)| < c(o)h

)plication of lemma 3 to (2.54) plus the fact that e(O,Ezj) = 0 lead to

IEOREM 2. Let the conditions of Theorem 1 hold with the restriction
iat k 2 2m. Then e(t) has the bounds (1.12) and (2.39) plus the addition

. bound

0 w2r(a)

2.55) ]e(t,gzj)l < F(t)e

j=1,...,N; £=1,...,n.

lere the points Elj are defined by (2.33) and F(t) is bounded on J,
inishes if t=0 and is of O(t-l) as t » o, g

QUADRATURE RULES

When solving (1.11), one is usually forced to approximate B(U,V)
r some quadrature [12]. The choice of this rule is, as usual, dictated
t only by the accuracy of it but by its impact on the convergence
‘operties. It may sometimes be useful to approximate (Ut,V) by a
ladrature rule as well, e.g. in the case m=1 where the choice of
+1) -point Lobatto quadrature delivers a purely explicit system of
dinary differential equations [2]. However, in this paper, we confine

> the numerical quadrature of B(U,V) solely.

1 Q-th order Gaussian rules-.

Let g 2 2r be a constant integer and let -1 <z, < z_< ... <z <1

1 2 jo
* p distinct points on I and let, for f ¢ Wq(I)
1
b
b1) I £(z)dz = _Z w f(z,)
21 i=1

» an approximation which is exact if f € P (I). Given a partition A of

g-1




. we define for o,B € W2 (A)

b
* _h h .
(0,8)5 =3 izlwi(as><xj_1 + 5(142.)) ;
. N
*
1.2) (a,8), = [ (o,B).;
=t
m £ £
B, (0,8) = ] (p,D ©,D B), -

£=0
examples, we can take r-point Gauss-Legendre or (r+1) -point

adrature.

MMA 8. For any U,V € S(A), we have for sufficiently small h

g-2k+i+j
.3) |B(U,v) - B, (U,V)| < ch lol Aan. N

J

i,
0 <i, j < k.

OOF. Application of Bramble and Hilbert's lemma [3] gives
n m
B, (0,v) - Bw,w| < cn®™! ¥ T 1030, ofuntnyi
h j=1 £=0 £ Lt

. 4) chlul

IA

m
R/l I
k,A Vi, A Zo Pyl =

£ wd(a)

Chq+i+j—2k

IA

Iul (Rv{] .
ul, vl A g

’ Jr
applying lemma 8 for i = j = m, it is easily proved that

JROLLARY 1. If h is sufficiently small then the bilinear map

,:S(4) x S(A)- > € is strongly coercive. [
5 a last preliminary of this §, we prove

IMMA 9. For v ¢ EXT1(1) n HE(I) n wl(a), 1t v ¢ s(A) be an

f v with the error bound

21

imation




..5) lv-vl, s b, 40, m
ien we have

6) vl <clvl .

-6) Vie,n = vl

\

\

OOF. Let II: Hk+1(A) n HE(I) ﬂ‘Wq(A) - S(A) be defihed
] .

vl
Vi, A

’

< lv-1vl
vV-IIv k. A

+ lv-1vl + vl <
, v-IIv k v X

A

7 k+1

A
A

-k
Cc,h Hv—nvﬂo + c2hHD

I I+l
1 Vig ¥ Vi

IA
A

-k
v lv-vl _ + lv-1vl < clvl
clv ket T Clh [(lv-v 0 v-Ilv 0] cllv ket

+1

2 Preservation of the orders of convergence,

In this section, we shall prove that the replacemen
,)h does not affect the validity of theorems 2 and 3 e
nstant u will be slightly smaller. This is due to the

.8) u < AY = inf Bh(V’V)

VeS (4) v, V)

i A: need no longer be greater than Al.

Let Y:J -+ S(A) be the solution of the initial bound

oY

(SE"V) + Bh(Y,V) =0, Ve S(A, teJ;

.9)

Y(0) = U, = Ilu

:re II is defined by (2.34) and B, by (3.2). We define

h

34) . 1

"(I) by
that t
hat

oblem
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.10) n(t) = U(t) - Y(t),

ere U is the solution of (1.11). We again define the points 1eeesP
(2.8) where we take care that (3.8) holds, in other words t ee fig. 1)
= Lh(s) has no poles inside P1P2P3P4P5. Then we can prove, & 1e to
mma 2'that
’ £ -ut - -i
.11) Dnit,x) = e * | e Crm [ (1+1) e 05 (Comp-ia,

n
0 £=0,...,n

As before, we are only interested in the case s ¢ P4P1P3. )plying

to (3.9) and subtracting the result from (2.3) we get
A A A A
.12) By (n,V) + s(n,v) = B, (U,Vv) - B(U,V), Ve s(4).

A
we substitute V = n and apply the lemmas 8 and 9 plus formu 24),
get '

A A A A - A A
B (n,m + s,m]| < ch®* N

< C(a)hq'k+muuon

IA

A
.

< Chq‘k+muﬁum ank+1 K+1

A A * A A
1ce Bh(n,n) > Al(n,n) and B
.13) that

h is strongly coercive, we can pr om

, N < aktmo oo
14) nl C(a)h Huo K1

A
For n we now can prove the local bounds

lbzﬁ(xj)| = IB(G,8£j> + s(ﬁ,ézj)l <

15)

IA

A A A A A .
[B(M,Gpy=¥) + s(n,Gp W) | + |B, (Y, V)-B(Y, V)| <

IA

N 18, vl 94 [
C(a)ln m sz v 0 + Ch lYllk A v KA

’ ’

A
We take V such that (2.28) holds. For Y, we see that




A A A A k+1-4
"u_YHK < Heﬂz + IlnllZ < C(a)h

nce after application of lemma 9
16) 191, < c(ayllul. . < c(o)llul
‘ k,A k+1 0 k+1

From (3.14) - (3.16), it now easily fol

£ q
.17) [Pt | < clnHagl o,

d as an immediate result of (3.11) and (3.

ya -ut. g
<
.18) |D n(t,xj)[ <F(e Thillugl o,

eare F(0) = 0, F(t) is bounded on J and whe

For the local bounds of n(t) at the Jac

tention to the case k 2 2m. Let S(Ij) and

i1 (2.33). Then for arbitrary j, we can pro

A - A
(n,LV+sV) = Bh(Y,V) - B(Q,V) +

m £-1 }
+ ¥ ) [(—1)va(p£D£V)D£_1_vﬁ]

,e:l V=0

.19)

we apply the quadrature rule (2.44) to (3

defined by (2.42) and multiply by 2h°% 1,

n

2m - A
lﬂlezh (L6 (Epy) + 58,)0(Ep) |
2m-1 A A
< 20" [B, (¥,4,) - B, |
2m+2r, 2r A=A
+ Ch Ip (¢i(Ln+sn))ﬂLw(Ij) +
' 2m+q
.20) + Cl@nh™ gl el <

1 iker.
W (IJ)

hat

£=0,...,m-1;
j=1,...,N-1;

-1
) =0(t ") as t >
ints, we confine o

defined by (2.40)
m (3.12) that

Ve S(I.).
J

ut VvV = ¢i, where ¢

tain




2m+2r
*

IA

c(a)lle h
¢1 Wk(Ij)
CHel + Il + el <
Wk(Ij) n Wk(Ij) uO k+1
k+2

clah™ gl .

*

IA

i=1,...,n.

r the last inequality we used lemma 9 and the inequality

mk=1y 2y

H < cn™ X 4 < ch

k(T. -1(1.
W (IJ) win (IJ)

' g-2k+2m-1
< C(a)h "u0"k+1 ’

ich can be proved by Sobolev's embedding theorems [11] and (3.7).
om (3.20) and the results of §2.4, we easily prove that

A k+2
.21) In(Eij)l < cln Mgl

d application of (3.11) gives

.22) Tn(t,gij)l < F(t)e N

sre F(t) is bounded on J, F(0) = 0 and F(t) = O(t_l), as t » o,

We have to estimate In(t)l yet. Since n € S(A), this job is ve

0
A
sy, because all the nodal values of n(t): Dzﬁ(t,xj) and n(t,Eij) h

+ -
2an shown to be of O(hk 2F(t)e ut)' This implies automatically that

THEKEZ

< F(t)e oks1?

"”(t)"L”(I)

.23)

THE KEZ)

"n(t)"o < F(t)e ol ket

r n=0, we have to replace k+2 by k+1 in (3.23). By this, we proved

SOREM 3. Let Y:J - S(A) be the solution of (3.9) and let

k+1

J +'Hg(1) nu (1) N wi(A) be the solution of (1.1) with g 2 2r.




h is small enough, the error function ;(t) = u(t)-Y(t) has the bounds

-ut, v .
ﬂ;(t)"o < He(t)ﬂo + Fl(t)e h “uO“k+1’

v = min(k+2,2r);
| zexp) | < F, (e e " iy

0 W2r(A);
j=1,...,N-1;
-yt k+2
< w1 ;
IC(t,Eij)l Fy(tle "h g W2E ()
i= 1,-.-,n; j=1,.o-,N-

ere "e(t)"O has the bound (1.12), u has the bound (3.8) and where
,F2 and F3 vanish if t=0, are bounded on J and of O(t-l), as t > », g

CONCLUSIONS

In the preceding sections we saw that earlier superconvergence
sults [2,7,8,9,10] can be generalized to 2m-th order problems if the
atial operator is independent of time and linear. In that case the
>lace transformation enabled us to transfer the local convergence
sults of g(x) to its object function e(t,x). It also was made clear
v the superconvergence of e(t) at the knots and interior nodal points
icially depends on the convergence properties of e(0). Furthermore,
was shown that Gaussian points play an important role in this matter;
2y are to be chosen as interior nodal points for the Hermite inter-
lation of u(0) and the local order of convergence is better at these
ints than at other interior points. En passant, we also gave a proof
¢ superconvergence phenomena in the case of a 2m-th order elliptic
>blem. That the use of g-th order quadrature rules, necessary to
1luate the stiffness matrix, left all the convergence results of
unaltered was to be expected, although the supremum error of

:) is lower than usual.
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